Journal of Approximation Theory 113, 172-188 (2001) ®
doi:10.1006/jath.2001.3611, available online at http: //www.idealibrary.com on | DE %l.

Scattered Date Interpolation from Principal
Shift-Invariant Spaces

Michael J. Johnson'

Department of Mathematics and Computer Science, Kuwait University, Safat, Kuwait

Communicated by Amos Ron

Received January 25, 2000; accepted in revised form June 14, 2001;
published online October 25, 2001

Under certain assumptions on the compactly supported function ¢ € C(R?), we
propose two methods of selecting a function s from the scaled principal shift-
invariant space S”(¢) such that s interpolates a given function f at a scattered set of
data locations. For both methods, the selection scheme amounts to solving a
quadratic programming problem and we are able to prove error estimates similar to
those obtained by Duchon for surface spline interpolation.  © 2001 Elsevier Science

1. INTRODUCTION

The scattered data interpolation problem in R is the following: Given a
set of scattered points Z — R? and a complex-valued function f defined at
least on Z, one seeks a “nice” function s: RY — C which interpolates the
data f|_; that is, which satisfies s() = f({) V¢ € Z. The reader is referred
to the surveys [8, 10-12] for descriptions of a variety of interpolation
methods. One such method is that of surface spline interpolation (see [9])
which we now describe.

Let me N:={1,2,3,...} be such that m>d/2, and let H™ denote the
set of all tempered distributions f for which D*f € L, := L,(R?) for all
|| = m. For measurable A = R? and f € H™, we define the seminorm

e = @0/ Y 2 ID* Iy
la| =m
where the 7,’s are the positive integers determined by the equation |x|*" =
Yem Tx x€R% In case 4 =R we write simply |f|,». The surface
spline interpolation method dictates that s€ H™ be chosen to minimize
|s|~ subject to the interpolation conditions s,_ = f|.. If Z is finite and not
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contained in the zero-set of any nontrivial polynomial in I7,,_,:=
{polynomials of degree <m—1}, then the surface spline interpolant s
can be realized as the unique function which interpolates the data f|_ and
has the form s=q+> ..z AL(-=&), where gelIl, ,, the A.’s satisfy

Deez A(E)=0Vrell, ,, and { is the radially symmetric function

| x| if disodd,

. . x e R
|x|*"~“ log |x| if diseven,

{(x) ={

In order to discuss the error between f and s, let us assume that Q2 is
open, bounded, and has the cone property, and assume also that 5 < Q :=
closure(L2). The “fill distance” from = to €2 is the quantity § := (&, Q) :=
Sup,..o infy . 5 |[x—¢|. Duchon [9] has shown that if s is the surface spline
interpolant to f at =, then

(1.D If =sllz, ) < const o2+ dIP | f| VfeH™

for 2< p< oo and ¢ sufficiently small (see [18] for some interpolation
methods with more general error estimates). What is interesting about the
proof of (1.1) is that it hinges not on the fact that s minimizes |s|4~, but
rather on the fact that |s|,~ is bounded by const | f|g~. The point being that
the form of s is irrelevant. To obtain (1.1), all that is needed is that s inter-
polate f|_ while maintaining |s|y~ < const |f|,». With this in mind we
consider interpolation from principal shift-invariant spaces.

Let ¢: R? — C be continuous and compactly supported. The semi-discrete
convolution ¢ *' ¢ between ¢ and a function ¢ (defined at least on Z9) is
defined by

¢ ci= 3 c(j)oC- =),

jez
with convergence taken uniformly on compact sets. For 4 = R? let

S(¢, A) :={¢ *' ¢ : ¢(j) = 0 whenever supp ¢(- —j) N A= &}.

The space S(¢, RY) is a shift-invariant space because s(- —j) € S(¢, R?)
whenever se S(¢, RY) and je Z% It is called a principal shift-invariant
space because it is generated by the single function ¢. For entry points into
the vast literature on approximation from shift-invariant spaces, the reader
is referred to [3, 4, 7]. The space S(¢, A) is refined by dilation for which
we employ the dilation operator ¢, defined by

onf :=f(h-).
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For 4> 0and 4 c R? let
S'(¢, A) :={os:5€S(p, h'A)}.

In other words, S*(#, A) is the closure, in the topology of uniform conver-
gence on compact sets, of span{@(- /h—j) : j € Z*, supp ¢(- /h—j) N A # &}.
The approximation order of the scale of spaces {S"(¢, R%)},., can be
characterized in terms of the Strang—Fix conditions:

DEFINITION 1.2. ¢ is saiAd to satisfy the Strang—Fix conditions of order m
(m e N) if ¢(0) # 0 and D*¢(2rnj) =0 Vje Z9\0, || < m.

Here q; denotes the Fourier transform of ¢. It is known (see [6, 15]) that
¢ satisfies the Strang—Fix conditions of order m if and only if

inf f—sl, =O(") as  h—>0 NfeW!, 1<p<o,

seShg, RY

where W' denotes the Sobolev space (see [2]) of all tempered distributions
f for which D*f € L, := L,(R)) V || < m.

Let 2 <R? be open and bounded, and assume that ¢ satisfies the
Strang-Fix conditions of order m for some m € N with m > d/2. We show
in Section 2 that if 5 is a finite subset of Q, then S”(¢, 2) contains func-
tions which interpolate f,  whenever 4 is sufficiently small; precisely,
whenever 0 < & < sep(Z)/¢,, where ¢, is a positive constant depending only
on ¢ and where

sep(E) :=inf {|€-&'|: ¢, e 5, E#L')

denotes the separation distance in Z. Of course, in this case, there are infi-
nitely many functions in S*(¢, ) which interpolate f |- In light of the
discussion surrounding (1.1), a sensible way of selecting a particular inter-
polant s € S”(¢, Q) is to choose one which minimizes |s| um@)- In Section 7,
under the additional assumptions that ¢ € W' and that Q is connected and
has a Lipschitz boundary, we show that if s is chosen in this manner then
(1.1) holds whenever ¢ is sufficiently small and 0 </ <sep(Z)/¢e,. The
above method of selecting the particular interpolant from S”(¢, ) should
be viewed as topological in nature; the topology being that of H™(£2). We
mention that Shen and Waldron [21] have proposed an algebraic method
of selecting an interpolant from S*(¢4, ) when ¢ is a box spline. As with
the current topological method, their algebraic method is motivated by a
desire to select a smooth interpolant.

The additional assumption that ¢ e W7 is very strong, and a quick
survey of “distinguished” box-splines (see [5]) or B-splines reveals
numerous examples where ¢ satisfies the Strang-Fix conditions of order m
but ¢ ¢ W' For example, if M, is the box-spline associated with the d+1



SCATTERED DATA INTERPOLATION 175

directions {e,, e,, ..., e;, €, +e,+ --- +e,} and M, := M, _, « M,, then M,
satisfies the Strang-Fix conditions of order 2k, but M, e W¥* - '\W#*.
Here, {e;} denotes the natural basis in R, and the convolution is defined
(as usual) by f * g(x):= de f(x—1t) g(t)dt. A great share of the effort in
the present work is devoted to replacing this assumption with the weaker
assumption that ¢ € W5 for some k € N satisfying d/2 < x < m. Note that
this supports the abovementioned example M, when d/2 <2k—1=:x and
m:=2k.

Unfortunately, the cost functional [s|;=g, is no longer meaningful when
x < m for the simple reason that the functions in S*(¢, ) are not assumed
to lie in H™. This is very similar to the situation encountered in [17].
There, the natural choice of the cost functional was |s|z>» but the functions
s under consideration were spanned by translates of the function { (defined
above) which does not locally belong to H>". This difficulty was overcome
in [17] by using a cost functional of the form [0 ~y(- /J) * s|z2>» where 7 is
a well chosen exponentially decaying function. We employ a similar cure.
In Section 3 we show that there exists a compactly supported distribution #
such that 7 ~ (1+|-|?)*~™/2. The cost functional

(1.3) \h=n(- /h) * slgm

is now well defined because # *x ¢ € W7 (by Proposition 3.4). In order to
obtain something like (1.1) we have to slightly adjust our approach. We
assume only that € is open, bounded and has the cone property, and we let
Q, be any open, bounded set which contains Q. With 0 < < sep(&)/ &4,
we choose s € S*(¢, Q,) to minimize (1.3) subject to the interpolation con-
ditions s,_ = f|.. In Section 6 we show that if J is sufficiently small, then

”f_S”L,,(g) < const "4+l ||f||W;” V2<p<oo, feW?7,

where
If bz == NCL+1- 1™ fll,.-

An outline of the paper is as follows: In Section 2 we prove that
interpolants from S*(¢, o7) exist whenever 0 <h < sep(o/)/¢;, while in
Section 3 we settle some technical issues related to the convolution # * f
when f is a tempered distribution. We show in Section 4 that the error is
controlled by the cost functional (1.3). The operator norm of the operator ¢ *'
is analyzed in various settings in Section 5. Finally, in Section 6 and
Section 7, the two abovementioned interpolation schemes are described and
analyzed.

Throughout this paper we use standard multi-index notation: D*:=
(0% /0x3)(0%/0x5?) --- (0% /0x%). For multi-indices a, we define |a|:=
o 40+ -~ +a,, while for xeR? we define |x|:=/x?+x2+ - +x3.
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The Fourier transform of a function f is defined formally by f(w):=
_‘.Rd e ™*f(x) dx and plays an important role in the sequel. One related fact
which follows from the Plancherel Theorem is that |f|;~ has the represen-
tation in the Fourier domain as [||-|” f] &g for all fe H™ It follows
from this that |g; f]z» =h""?|f|y» and |f|z» <||fllwr. The space of
compactly supported C*® functions is denoted C*(R?). The space C,(4) is
the set of all continuous functions having compact support contained in A.
For a countable set .o/, £,(/) denotes (as usual) the L, space taken with
respect to the counting measure in /. We write simply ¢, for £,(Z¢), and
we use £, to denote the space of finitely supported sequences defined on Z¢.
If u is a distribution and g is a test function, then the application of u to g
is denoted <g, u>. We employ the notation const to denote a generic con-
stant in the range (0, c0) whose value may change with each occurrence. In
the statement of results we specify the dependencies of any const while in
proofs we omit the dependencies for the sake of brevity. Two oft employed
subsets of R’ are the open unit ball B:={xeR’:|x| <1} and the unit
cube C:=[—1/2,1/2)"

2. EXISTENCE OF INTERPOLANTS FROM S*(¢, o/)

The following lemma gives sufficient conditions for the existence of
interpolants to f from S”(¢, «¢), where &/ denotes a (possibly unbounded)
subset of R satisfying sep(o/) > 0.

Lemma 2.1. Let ¢ € C,(RY) satisfy the Strang—Fix conditions of order
m=1. There exists ¢, >0 (depending only on ¢) such that if 0 <h<
sep(=/) /e, and f € £,(o7), then there exists s € S"(¢, /), say s = a,,(¢ ¥ ¢),
such that s, , = f|  and |lc||,, < const(P)|| flls,c.r)-

Proof. It suffices to consider the case # =1 since the general case can
then be obtained by scaling. It is known [16] that ¢ ' 1 = ¢(0). Put A" :=
{jeZ?: supp (- —j) n C # F}. Let b: Z? - C be given by b:= y, /$(0),
andputy := ¢ +' b. Notethatyy = lon C. Putr :=max {|x| : x € & U supp ¥}
and ¢, :=2r+\/;1. Assume sep(/)>¢;. For xeRY, let [x]eZ’ be
defined by xe [x]+C. Put ¢:=>,., f(a) b(- —[a]) and §:=¢ «' ¢. The
choice of ¢, ensures that the supports of the sequences {b(- —[a])},c.
are pairwise disjoint. Consequently, ||Z]|7, = .., [f(@I*|6(- —[aDIl}, =
1117, 1L£117,c - The choice of ¢, also ensures that the supports of the func-
tions {Y(- —[a])},.., are pairwise disjoint. Hence, if a € o/, then §(a) =
Seew f(@)Y(a—[a']) = f(a) Y(a—[a]) = f(a). It may be the case that
5¢S(¢, o), so define c: Z¢ - C by c(j) :=&(}), if supp ¢(- —j) n AL # &,
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and c¢(j) =0 otherwise. Put s:=¢ *' ¢c. Then s(a)=5(a) = f(a) for all
a € o/ and ||, <|éll,, = const | fl,,- 1

3. CONVOLUTION WITH THE DISTRIBUTION #

In this section we settle some technical issues related to our cost func-
tional (1.3). We begin by proving the existence of the compactly supported
distribution # mentioned in the introduction.

LemMmA 3.1. Let kx,me N be such that d/2 <wx <m. There exists a
compactly supported distribution n such that

(3.2)
const(m, d)(1+|w|?)*~™/2 < f(w) < const(m, d)(1+|w|*)*™/2  VYwe R

Proof. If k=m, then we can simply take # to be the Dirac J-dis-
tribution defined by d{g,7)=g(0). So assume d/2<x <m. Define
nme L,(RY) by

ﬂl(x) = le(m—lc—d)/2 K(m—)c—d)/Z(lxl)a X € Rd’

where K, denotes the modified Bessel function of order v (see [1]). It is
known [13] that #, =c(1+|-|)* ™/ for some positive constant c
(depending only on d and m—x). Let { € C,.(R?) satisfy {(0) = 1 and

0<lw) < (L+w])~@rm==+b e R

Such functions { can be easily realized as box-splines or tensor-product
B-splines (see [5]). Define # € L,(R?) by
=0

The decay assumptions on 7, and ¢ ensure that 7, = { is well defined and
that (3.2) holds with 7, * {(w) in place of 7(w). So, in order to complete the
proof, it suffices to show that

(3.3 fi=Q2r) 7 * .

Note that (3.3) would be immediate if { e C*(RY). To establish (3.3)
assuming only that { e C,(R?), we define {,:=0, *{, where {g,} is an
approximate identity (i.e., 6 € C2(R?), [ge 0 =1, 6, :=n%(n-)). Then {, €
C*(RY) and

G " = (275)_d 7y * fn = (27'5)_'1 7y * (&ng)‘
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It is now a simple matter to obtain (3.3) by shgwing that (as n— o0)
Cumy = Gy in Ly (R?) and that ({,) " = (21) 7y + (in L, (RY). |

With the existence of # settled, we turn now to the issue of defining the
convolution # * f assuming only that f is a tempered distribution. Our
definition is valid not just for #, but for any tempered distribution whose
Fourier transform lies in the space .# defined below.

Let & denote the “rapidly decreasing functions” (see [20]) topologized
(as usual) by the seminorms {p, }, ., Where

p.(g) = max I(1+]-D" D¢l -

Let .# denote the set of all g € C*(R¥) which satisfy

YNeN 3neN  max [[(1+]|-])™ D%, <oo.

o <N

For example, if u is a compactly supported distribution, then it follows
from a theorem of Paley—Wiener that ie .#. If g € .#, then it is a conse-
quence of Leibniz’ formula that gl € ¥ V{ € %, and it is a consequence of
the closed graph theorem that the mapping { — g{ is a continuous operator
on <. Consequently, the mapping f + gf is a continuous operator on &’
(the space of tempered distributions) whenever g € /4.

DrerINITION. Let u and v be tempered distributions with e . # or
0 e /. The convolution u * v is defined as the inverse Fourier transform of
the tempered distribution #7:

uxv:=(av)".

If e ./, then it follows that ux is a continuous operator on &'. We
collect in the following proposition several properties of the convolution
operator 7+ which will be used in the sequel.

ProposITION 3.4. Let x,m,n be as in Lemma 3.1, and let ¢ e W’; be
compactly supported. Put y:=n+¢. Then Yy e W5 and supp < supp n+
supp ¢. Let ¢: Z? > C have at most polynomial growth and for ne N define
¢, €4y by

0 else

e.(j) ;={c(j) i olilsn.
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Then
1) o+ c,o ¢+ cinS' and
(ii) nx(d+" )=y c.
Proof. To see that Y € W7 note that by (3.2)
Wlwr = 1L+ 152 7ll,, < const [|(L+]-12)** ||, = const ||pllys < .

That supp W < supp 5+ supp ¢ is proved in [ 14, Th. 4.9 and p. 87]. Let r be
the smallest positive real number for which supp ¢ = rB. There exists a
polynomial g, say of degree k, such that |c(j)| < g(j) Vje Z°. If g e &, then

IKg, ¢ ¥ c>—<g, ¢+ c, )l =Kg, ' (c—c)DI< Y le()IKg, #(- =)

lil>n

< X 4D el gl +rm)

lj1>n

<const ( 3, g(DA+ID™ Y pryasi(g).

lil>n

Since Y., g(/)(1+|j])* ?"' -0 as n —> co, we obtain (i). Since Y e W%
has compact support, we have by (i) that ' ¢, - ¥ %' ¢ in &’. Since #x* is
a continuous operator on &', it follows from (i) that # =« (¢ +'c,) —
n* (¢ * ¢)in &¥'. Noting thatn x (¢ *' ¢,) =y *' ¢, Vn e N, we obtain (ii). ||

4. AN ERROR ESTIMATE

The following theorem contains our basic error estimate. In practice, the
function g will be the error f —s. Of course, if s interpolates f at =, then
f—s will vanish on =.

THEOREM 4.1. Let k,m,n be as in Lemma 3.1. Let Q be an open,
bounded subset of R? having the cone property and let 5 = Q. There exists
9o > 0 such that if 6 :=6(E; 2) < 0,, then for 2< p<

gz, < const(n, m, 2) 6"+ |6~y (- /&) % glym
Vg e H"+ H" satisfying g, _ = 0.
We mention that in the case k¥ = m, the above conclusion reduces to
lgllz, @ < const(m, Q) om=2+dIP |g| Vg € H™ which vanish on =,

which is known [9]. Our proof of this theorem requires two supporting
lemmas. The proof of the first is essentially the same as the proof of
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[17, Prop. 3.1] if one replaces |f|g~ with |f|g=, |f|g2 With |f]gz=, and |f]s
with |7 * f|m.

Lemma 4.2. Let k,m,n be as in Lemma 3.1, and let r > 0. For each
Jj€Z? let A; be a finite subset of j+rB. If {b) ¢} je2? ces; is such that

Y b q(&)=0 Vgell, ,,jeZ? and M:=sup Y |b; | <o0,

[ jeZd e
then
2
Zd Y. b f(E)| <const(n,m,r) M*|n* f|ym VfeH"+H".
JEZ e

The following lemma is taken from [17, Lemma 4.1].

LemMma 4.3. Let n=0. If Qc R¢ is bounded, open, and has the cone

property, then there exists d, ro € (0, 00) (depending only on n and Q) such
that if E is a finite subset of Q with 6 :=6(Z; Q) < J,, then for all xe Q/5
there exists a finite /" = (5 /0) N (x+r,B) and {b;:}:. , such that

g(x)+ Y. bq(&)=0 Vgell, and Y. |be| < const(n, Q).
EeN

EeN

Proof of Theorem 4.1. Let d,, r, be as in Lemma 4.3 with n =m—1. Put
o ={jeZ?:(j+C)n(2/6)# &}. For each je o, let x;€(j+C)n
(22/6) be such that |65 gll._«j+c)n@ssy <2 18(0x;)|. By Lemma 4.3, for each
Jj € o/, there exists ] = (£/J) 0 (x;+7,B) and {b; ;}+. 4 such that

g(x)+ >, b q(&)=0 Vgell,_, and Y b, | < const(m, Q).
e ; Eed;

Putr:=r, +ﬂ/2 and note that {x;} U .#; < j+rB for all j € o/. Now,

4.4 lgllz, @ = g los 8l /s
<o ||j- o5 &llLi+ ) @/an ey
<267 ||j > g(6x)eyr)
<207 ||j > g(0x )Ny, since 2<p,

=25/ Y 1g(x)P’.

jed
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Since g(6¢) = 0 for all £ € £/, we have

|g(5xj)| = g(éxj)‘l‘éZ bj,ég(éé) > Vied.

We thus obtain from (4.4) and Lemma 4.2 that

lgllz, ) < const 347 |y * (a5 8)|gm = const "~ “*+¥/P|6~(- /) % glym. |

5. AN ANALYSIS OF ¢«

As mentioned just prior to the statement of Theorem 4.1, our error
estimates will employ Theorem 4.1 with g = f —s. Roughly speaking, the
factor [07%(-/0) * (f—s)|y» will be estimated by |67%(-/8) * flgm+
|67 (- /&) * s|ym, where the first term will be shown to be bounded by a
constant times |f|;~. The second term is our cost functional (1.3) with ¢
in place of A. Although this second term involves the parameter 9, its
action on any se S°(¢, RY) exhibits a certain stationarity. Namely, if
s=0y,5(¢ ¥’ ¢), then

6.1 Om =2 |67(- /9)  slgm =l % (& ¥ ).

Thus, the right side of (5.1) is an important quantity. Two estimates of this
quantity are given in the following proposition.

ProPOSITION 5.2. Let x,m,n be as in Lemma 3.1, and let ¢ e W’ be
compactly supported. Then

(5.3) 7 % (¢ % f)lgm < const(n, m, ¢) | fll,  Vfekl,.
If, in addition, ¢ satisfies the Strang—Fix conditions of order m, then

(54 7% (¢ %" f)lgm < const(n, m, §) |flg=  VfeH"

Our proof of this proposition requires the following lemma which is a
consequence of [19, Théoréme 1.6] and the Sobolev embedding theorem
[2, p. 97].

LeMMA 5.5. Let yeRY r>0, and me N with m>d/2. For all f e H™
there exists q € I1,,_, such that

||f_q||Lw(y+rB) < ConSt(da m, I") |f|Hm(y+rB)‘
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Proof of Proposition 5.2. Put { :=n x ¢. By Proposition 3.4, y e W7 is
compactly supported and

(5.6) nx(@+ f)=v+f.

Put A :={jeZ%: suppy(- —j)nC# &}, and note that #4 <oo. In
consideration of (5.3), assume f € ¢,. Then

Wow flam= 3 W¥ flamerey= 2 | X fE+D Y —))

tez? ez’ ljew H™(C)

Sconst ), Wy Y 1f(U+)I*< const | £,

tez? jeN

which, in view of (5.6), proves (5.3). In consideration of (5.4), assume ¢
satisfies the Strang—Fix conditions of order m, and let f e H™. Since
=7, it follows that y also satisfies the Strang-Fix conditions of order m.
Consequently, Y+ geIl,_, for all gelIl,,_; (see [16]). Let r be the

smallest number in [\/5’ /2, 00) satisfying 4" < rB. By Lemma 5.5, for each
£ € Z“ there exists g, € IT,,_, such that

If = el errmy < const | flgmsrn)-

This yields the estimate

[V lem(lZ+C) [+ (f— Qe)|H"‘(e+C)
Y (fE+)—q(L+D) (- —))

jeN H"(£+C)
SHEN N —@lle, @srp) Wlam < const | flyme p-

Therefore,

[y * f| m = z VS f|H me4.c) S CONSE Z |f|H (44rB) S CONSE |f|
ZeZ tez?

which, in view of (5.6), proves (5.4). |

Our proof of the following result uses the standard quasi-interpolation
argument (see [ 5, Chap. III]) which greatly simplifies when m > d/2.

PRrOPOSITION 5.7. Let y € C,(R?) and m e N with m > d/2 be such that
V' q=qVNqell,_,. If sep(/) = const, then

ILf =¥ " flleyw) < const(m, ) | flgm  VfeH™
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Proof. Let A, r, and {q,},.,« be as defined in the proof of Proposi-
tion 5.2. Then for £ € Z°

||f_‘//*’f||Lw(z+C) =|f—q —y+ (f_ql)"Lw(Z+C)
Y (fE+D=q L+ Y(-—))

jewN

SA+#N W) W =gl errp) < const | flamg -

<If =l @rc)+

L (C)

Since sep(/) = const, we have
If = # Sl < const 3, Nf =¥ # flLeror
leZ

<const 3 |flimsrm < const| T, 1
leZ

6. AN INTERPOLATION METHOD FOR THE CASE x <m

In the following, the phrase nearly minimize means to bring to within a con-
stant factor of the minimal value. For example, to choose g € G to nearly
minimize ||g|| means to choose g € G so that ||g|| < const inf{||g] : § € G}.

Interpolation method 6.1. Let k, m, n be as in Lemma 3.1. Let ¢ € W5 be
compactly supported and satisfy the Strang-Fix conditions of order m, and
let &, be as in Lemma 2.1. Let 2 be an open, bounded subset of R? having
the cone property, and let Q, be an open, bounded set which contains Q.
Let Z be a finite subset of Q and let 0<h<sep(&)/ g4. Choose
se S"(¢, Q,) to nearly minimize |h~y(- /h) % 5|z subject to the interpola-
tion conditions s, = f/_. There exists J, > 0 such that if § := §(Z, Q) <4,
then for all f e W7

@) 1h~n (- /h) * s|gn < const(n, m, 2, 2y, §) |Ifllwy and
(i) NS =5l < const(n, m, 2, Qy, §) 3"~/ | fllym Y2 < p< 0.

Remark 6.2. The interpolant s can be found by nearly solving a quadratic
programming problem. To see this, let s be written as s = Zj‘i L ¢ /h—k;)),
where {ky, ky, ... ky}:={keZ": supp ¢(- /h—k) " Qy # &}, and put
{&,&,, ..., &y} :=E. The interpolation conditions become Ac = F where A
is the N x M matrix having (7, j)-entry ¢(&,/h—k;) and F =[f(&)]i<i<n-
Put y:=#+¢ and let G be the M xM matrix having (i, j)-entry
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Y, ¥ (- +k;—k;))ym, where (,)zn denotes the semi-inner product associated
with |- |g~. The cost functional can then be written as

|h=n(- /) % s|gm = k™2 ([ c*Ge,

where ¢* denotes the complex conjugate of the transpose of c. Thus ¢ is any
near solution of the quadratic programming problem

minimize ¢*Ge
subject to Ac = F

We mention that the matrices 4 and G are sparse in the sense that the
number of nonzero entries in each row or column is bounded indepen-
dently of M and N.

Proof of 6.1. Let ¢>0 be the largest positive real number for which
Q+eBc=Q,, and let { € CP(2+(¢/2) B) be such that { =1 on Q. The
assumptions on ¢ ensure (see [16]) that there exists a finitely supported
sequence a: Z? — C such that i := ¢ ' a satisfies the Strang-Fix conditions
of order m and the condition { ' ¢ = ¢ for all ge Il,,_,. Let §, be as in
Theorem 4.1, and let J, € (0, d, ] be sufficiently small to ensure that

0(E,2)<0,,0<h<sep(E)/e,
and  suppgch ' (2+(e/2) B) =y +' g€ S(d, h'Q,).
Let feW? and put f:=(f. Then ||f||Wm < const || fllyy. Assume 6 :=
0(Z,Q2)<0,. Put s, :=0,,,(} * "o, f) € S"(¢ Q,). Since 0 <h < sep(u)/aq,,
it follows by Lemma 2.1 that there exists s, € S*(¢, Z), say s, = 0, /h(¢ *' ),

such that |ic|,, < const I —s, lle,z) and 5,(&) = £(&— 5;(¢) forall { € Z. Put

§:=s,+s5, € S"(¢, Q,), and note that 5(&) = s,(&)+ f(&)—s,(&) = f(&) for
all £ e 5. Consequently,

|h=n(- /) % 5|y < const |h=y(- [ h) % § |gm = const k™" 9% |y % 7,5 | ym
6.2)
< const ™" (|n x 68, | gm + |1 % 048 | gm).

By Proposition 5.2, we have
7 % G51lam = I % (Y % 0, )| gm < const |6, fm
and

|17 % 032l m = |11 % (¢ *" )| < const ¢,

< const || f —slleyz) = const |lo,f =Y *" 04 f |leyzm < const |o,flam
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by Proposition 5.7. Therefore, by (6.2),

|h=n(- [ h) * 5|y < const h~"+%/% |g, f|ym = const | fym
<

const || flwy < const || flwy
which proves (i). Since % < const 9, it follows that
|67(- /6) * s|gm < const |h=n(- [ h) * s|gm.
Hence, by Theorem 4.1,

< const §"~2FAIP |5=A( - [8) % (f —5)|pm
< const 5" U(167 (- /8) * flam +167n(- /6) * s|gm)
<

const 5427 | £

"f_s”L,,(g)

which proves (i)). [

7. AN INTERPOLATION METHOD FOR THE CASE WHEN ¢ e W7

The conclusion of the following result is an improvement over that of 6.1
as |f|gmq) has taken the place of ||fll» in (i) and (ii). To obtain this
improvement, we have assumed further that ¢ e W} and that Q is con-
nected and has a Lipschitz boundary.

Interpolation method 7.1. Let me N with d/2 <m, and let ¢ e W be
compactly supported and satisfy the Strang-Fix conditions of order m. Let
£ be an open, bounded, connected subset of R? having the cone property
and a Lipschitz boundary (in the sense of [19]), and let 6, and ¢, be as in
Theorem 4.1 and Lemma 2.1, respectively. Let = be a finite subset of Q2
and let 0 </ < sep(Z)/¢;. Let 2, be any measurable set which contains 2,
and let s € S"(¢, 2,) be chosen to nearly minimize |s|;n,, subject to the
interpolation conditions s|_ = f|.. If 6 := 6(&, 2) < J,, then for all f e H™

(@) |S|H"‘(g,,) < const(m, Q, ¢) |f|H”‘(Q) and

(ii) "f_S”Lp(sz) < const(m, Q, ) " ~4/>+dlr |f 1m0 V2< p<co.

Remark. The interpolant s can be found by nearly solving the same
quadratic programming problem described in Remark 6.2 excepting
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that {ky, ky, ..., ky } :={k e Z%: supp (- [h—k) nQ, # &} and G(i, j) :=
(9, (- +k;— k) uma1q,- If £, is a complicated set, then the computation
of G will likely be difficult. One way to ease this task is to choose 2, as

Q,:= |J h(t+0),

Le sty

where o7, :={{eZ?:Qnh({+C)+# &}. Using the auxiliary function
u:Z?x 7% - C given by u(k, £) := (¢, (- —k))gmuic, (Which has a fixed
number of nonzero entries), we can compute G(i, j) as

G@i, )= ), ulk,—k; £).

Le oy

Our proof of 7.1 requires the following result which comes out of
[9, p. 331].

THEOREM 7.2. Let me N with m>d/2. If 2 is an open, bounded, con-
nected subset of R? having the cone property and a Lipschitz boundary (in the
sense of [19]), then for all f € H™ there exists fo € H" such that

(1) fo=fonQ and
(ii) | folam < const(m, Q) | flamq)-

Proof of 7.1. Let a, Y be as in the proof of 6.1. Let f € H™ and let f,
be as in Theorem 7.2. Put s, :=o,,,(} *' 7, fo). By Proposition 5.2, s, € H™
and

(7.3) lowsi|um < const |oy, folam-
Since 0<h<sep(Z)/e;, it follows by Lemma 2.1 that there exists
s, € SM¢, B), say s, = a,,,(¢ * ¢), such that |c|,, < const ||fqo— sl and

5(8) = fo(&)—s5,(&) for all eZ. Put s;:=s5+s,€S"(¢, RY). Then
831, = fa. = f|.,and

IS5]m < Isylgm + IS2lgm = B (|04 | gm + 0485 | am)

=h=" (Y ¥ 0, folum +1¢ + clgm) < const h="**(|ay, folam + el

by Proposition 5.2. Since |c||,, < const || fo — 5,z = const |0, fo—V # )
Salle,iz/m> we have by Proposition 5.7, that |c||,, < const |0}, f|gm. Therefore,

(74 Isslam < const ™" g, folym = const | folum < const | flame)
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by Theorem 7.2. Let s, € S(¢, 22,) be such that s, =s; on 2,. Then Sy, =
53, = f.. Hence,

|S|Hm(9h) < Const |S4|H”‘(gh) = COHSt |S3|H”’(Qh) < ConSl |S3|H”‘ COI’!SI |f|H"‘(g)

which proves (i). By Theorem 7.2, there exists s, € H™ such that s, =5 on
Q and |sg |y < const |s|ymq,. Hence, by Theorem 4.1,

||f_s||L,,(g) ”fg_ss?”L,,(g) const 5™+l |fo—5olam

< const 6™~ d/2+d/p(|fn|H”' +|sg|gm) < const 6™ d/2+dfp |f|H'"(Q)

which proves (ii). ||
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